Abstract. In this paper, we concentrate on the uniqueness of the positive solution for the general elliptic system
Introduction
A lot of research has been focused on reaction-diffusion equations modeling of various systems in mathematical biology, especially the elliptic steady states of competitive and predator-prey interacting processes with various boundary conditions.
In the earlier literature, investigations into mathematical biology models were concerned with studying those with homogeneous Neumann boundary conditions. From here on, the more important Dirichlet problems, which allow flux across the boundary, became the subject of study.(see [1] , [2] , [3] , [7] , [6] , [9] , [10] ) While necessary and sufficient conditions for the existence of positive solutions to the steady states have been established for rather general types of systems(see [9] , [10] ), our knowledge about the uniqueness of positive solutions is limited to somewhat rather special systems, whose relative growth rates are linear; the results established are only for the following competition models (see [2] , [3] , [6] , [7] )
The question in this paper concerns the uniqueness of positive coexistence when the relative growth rates are nonlinear, more precisely, the uniqueness of positive steady state of
where g i s, h i s are C 1 functions, Ω is a bounded domain in R n and u, v are densities of two competitive species.
Preliminaries
In this section we will state some preliminary results which will be useful for our later arguments. 
is called a sub solution to (1).
and letū, u ∈ C 2,α (Ω) be, respectively, super and sub solutions to (1) 
where q(x) is a smooth function from Ω to R and Ω is a bounded domain in R n .
(A) The first eigenvalue λ 1 (q), denoted by simply λ 1 when q ≡ 0, is simple with a positive eigenfunction.
where Ω is a bounded domain in R n .
n). (M3) L is uniformly elliptic inΩ, with ellipticity constant γ, i.e., for every x ∈Ω and every real vector
where We also need some information on the solutions of the following logistic equations. The main property about this positive solution is that θ f is increasing as f is increasing.
Especially, for a > λ 1 , we denote θ a as the unique positive solution of
Hence, θ a is increasing as a > 0 is increasing.
Uniqueness of steady state
We consider the elliptic system
in Ω,
Here Ω is a bounded, smooth domain in R n and the functions g i s, h i s satisfy
In 1991, Li and Logan ( [10] ) found some sufficient conditions to guarantee the existence of positive solution to (3) . Here, we try to solve the question of uniqueness. The following is the main result:
Biologically, we can interpret the conditions in Theorem 3.1 as follows. The functions g 1 , g 2 , h 1 , h 2 describe how species 1 (u) and 2 (v) interact among themselves and with each other. Hence, the both conditions (1) and (2) implies that species 1 interacts strongly among themselves and weakly with species 2. Similarly for species 2, they interact more strongly among themselves than they do with species 1. Especially, if we consider the linear case 
Proof. By the Maximum Principle, θ h 1 < c 1 . But, since g 2 is increasing, g 2 (θ h 1 ) < g 2 (c 1 ), and so, λ 1 The same argument shows
Since θ h 1 < c 1 by the Maximum Principle and g 2 is increasing,
Thus, u is a supersolution to
Let φ 1 be the first eigenfunction of
which implies that φ 1 is a subsolution to
The same argument shows
From (4)- (7), we get
Consequently, for any positive solution (u, v) of (3), the inequalities (8) hold. Now we are ready to prove the uniqueness.
Suppose (u 1 , v 1 ) and (u 2 , v 2 ) are positive solutions to (3) .
in Ω.
But, by the Mean Value Theorem, there isx depending on
i.e.,
The same argument shows that 
for any z ∈ C 2 (Ω) and z| ∂Ω = 0. The same argument shows that (12)
for any w ∈ C 2 (Ω) and w| ∂Ω = 0. From (9) and (10), we get
in Ω. Hence, from (11) and (12), we obtain
By the Mean Value Theorem, for each x ∈ Ω, there existỹ,ȳ such that [sup(h 2 )] 2 +2 sup(g 2 ) sup(h 2 ) ≤ 4 inf(−g 1 ) inf(−h 1 ) ≤ 4g 1 (x)h 1 (x), and so p ≡ q ≡ 0. The uniqueness is established.
